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The concept of wall influence zones in a turbulent boundary layer on 
a plate is introduced. Using these zones, the formulas obtained for cal- 
etflating heat transfer and friction forces for steady conditions at the 
wall are extended to include variable conditions. 

A l a rge  number  of t heo re t i ca l  and e x p e r i m e n t a l  
inves t iga t ions  have been p e r f o r m e d  to s tudy tu rbu len t  
boundary  l a y e r s  on p la t e s  fo r  s t eady  condi t ions  over  
the  en t i re  l ength  of the p l a t e .  S imple  e x p r e s s i o n s ,  
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Fig .  i .  Schemat ic  drawing of the pos i t ion  of the 
influence zone at  the  wa l l .  

convenient  fo r  use  in eng ineer ing  computa t ions ,  have 
been  obtained for  the  hea t  flow, s h e a r  s t r e s s ,  and 
b o u n d a r y - l a y e r  th ickness  for  a gas  with constant  p h y s -  
ical  p a r a m e t e r s  in the boundary  l a y e r .  F o r  Reynolds  
number s  ranging  f rom l0  b to 10 7 , t hese  e x p r e s s i o n s  
have,  r e s p e c t i v e l y ,  the fo rm [1,2]: 

qo(x) = O.02967,Y~176 pV~ ]~ Pr~ (1) 
x \ T /  

�9 o(X) = o.o296  y~  (P Vo qo.  
x \ T /  

(2) 

60 (x) = 0,37x \ - - -~-- /  (3) 

In mos t  c a s e s  of p r a c t i c a l  i n t e r e s t ,  however ,  the  
su r face  t e m p e r a t u r e  is  not a constant .  Then,  the  hea t  
flow ca lcu la ted  f r o m  f o r m u l a  (1), d e r i v e d  under  the 
a s sumpt ion  of a constant  su r face  t e m p e r a t u r e ,  can 
d i f fe r  app rec i ab ly  f rom the actual  flow. Al lowance for  
the v a r i a b i l i t y  of the su r face  t e m p e r a t u r e  can b e m a d e ,  
in a r e l a t i v e l y  s imp le  way,  with the a id  of Seban ' s  and 
Rubes in ' s  f o r m u l a s ,  obtained by applying the in tegra l  
method to the a n a l y s i s  of the  t h e r m a l  boundary  l a y e r  
that  deve lops  within a dynamic  l a y e r  [3,4].  

The l i t e r a t u r e  l a c k s  f o r m u l a s  fo r  ca lcu la t ing  s h e a r  
s t r e s s  fo r  f lows pas t  a su r f ace ,  a por t ion  of which is  
in mot ion  (for example ,  dur ing  the fo rma t ion  of a f luid 
f i lm on the sur face) ,  while s h e a r  s t r e s s  computa t ions  
f rom fo rmula  (2) can lead in th is  case  to r e s u l t s  that  
a r e  e r r o n e o u s  even with r e s p e c t  to the d i r ec t i on  in 
which the  f r i c t i on  f o r c e s  a r e  appl ied .  It i s ,  t h e r e f o r e ,  
d e s i r a b l e  to obtain an a p p r o p r i a t e  and,  a t t h e s a m e t i m e ,  
s i m p l e  method with which hea t  flows and s h e a r  s t r e s s e s  
can be ca lcu la ted  for  a va r i e t y  of boundary condi t ions .  

Definition of influence zones. It is  p roposed  to ex -  
tend f o r m u l a s  (1) and (2) to include s t e p w i s e - d i s c o n -  
t inuous condi t ions at  the wal l  by r ep l ac ing  the c h a r a c -  
t e r i s t i c  va lues  of the ve loc i ty  V0 and t e m p e r a t u r e  T O 
at  the b o u n d a r y - l a y e r  boundary  50 by the c o r r e s p o n d -  
hag ve loc i ty  Vsand  t e m p e r a t u r e  T s va lues  at  the bound-  
a r y  of the in te rna l  boundary  l a y e r  that  deve lops  f rom 
the a r e a  s whe re  the condi t ions  at  the  wal l  begin  to 
v a r y  (see  F i g u r e  1). In th is  c a s e ,  the  l i n e a r  d i m e n s i o n  
x should be r e p l a c e d  by x - s .  

S i m i l a r  to the a pp roa c he s  used  by Rubes in  and 
Seban, th i s  app roach  is based�9 on the phys ica l  p r e -  
r equ i s i t e  of the ex i s t ence  of such an in te rna l  l a y e r  tha t  
would concen t ra te  in i t se l f  a l l  the ef fec ts  a s s o c i a t e d  
with the  v a r i a b i l i t y  of the  boundary  condi t ions .  In the 
p r e s e n t  p a p e r ,  the  boundary  of th is  l a y e r  i s  d e t e r -  
mined f rom fo rmu la  (3) with a l lowance  for  the  a f o r e -  
sa id  changes  in the c h a r a c t e r i s t i c  va lues ,  i . e . ,  

6s(x) = 0.37 (x --s) [P V~(x-- s) ] -~ (4) 

This  in te rna l  l a y e r  wil l  be t e r m e d  the " inf luence zone" 
of c r o s s  sec t ion  s .  In a c c o rda nc e  with def in i t ion  (4), 
the boundary  l a y e r  with the boundary  60(x) is  a l so  the 
influence zone fo r  s = 0. 

We a s s u m e  tha t  the  p a r a m e t e r s  of the  gas  beyond 
the influence zone (including the  boundary  of the zone) 
r e m a i n  constant  r e g a r d l e s s  of  the na tu r e  of the changes 
in the boundary condit ions at  the wal l .  This  condit ion 
m a k e s  it poss ib l e  to d e t e r m i n e  the boundary  of the 
influence zone and,  co r r e spond ing ly ,  the  ve loc i ty  and 
t e m p e r a t u r e  va lues  at  th is  boundary  for  s t eady  condi -  
t ions  at  the wal l .  If the ve loc i ty  and t e m p e r a t u r e  d i s -  
t r ibu t ions  a r e  a s s u m e d  to obey the power  taw 

V T - - T . o (  8~ '/7 
v o - - r o - - T = o  \~o'I ' (5) 

by analyzing relations (4) and (5) simultaneously, we get 

6s 
6 o - - ( 1 - - ~ )  7/9' 
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( +)" V s T~-- T~o 1 - -  . (6) 
Vo To - -  T~o 

The retations obtained for V s and T s will be used in 

the solution of problems with variable conditions at 
the wall to be examined below as applications of the 
method proposed. 

Heat t rans fer  in the c a s e  of a variable  wal l  t e m p e r -  
ature.  Let us examine the flow past  a plate of turbulent  
gas having a t empera tu re  To and a velocity V0. The 
t empera tu re  of the plate f rom its leading edge to c ros s  
sect ion s is kept constant  and equal to Two. F u r t h e r  
downst ream,  the sur face  t empera tu re  of the plate 
changes abrupt ly  to Tws.  For  s impl ic i ty ,  and for 
c l ea re r  r ep resen ta t ion  of the resu l t s  obtained, we 
shall  a s sume  in the following that the changes in the 
cha rac t e r i s t i c  physical  p a r a m e t e r s ,  which r e su l t  
f rom changes in the wall t empera tu re ,  a re  negligible 
as compared with the absolute values  of these  p a r a m -  

e ters  (] Tws - Tw01 << Two). 
According to the method proposed, express ion  (1) 

for the heat flow at x > s mus t  be converted to the 
form 

G(x) 0.0296 ~ T ~ - - T ~ ' I P V ' ( ; - - s ) I  ~ . . . .  pro.43. 
X - - S  

(7) 

Substi tuting the values  for V s and T s f rom the r e l a -  
t ions (6) into re la t ion  (7) for the condition Tws = Two , 
we get qs(x) - q0(x). Consequently,  to calculate  the 
heat  ftow for  s teady condit ions at  the wall ,  one may 
subst i tute  into formula  (1) an a r b i t r a r y  l inear  d i m e n -  
sion x - s and the cor responding  values for the ve loc-  
ity and t empera tu re  at the boundary of the influence 
zone of sect ion s.  Although, s t r ic t ly  speaking,  the 
"1/7 law" for  the d i s t r ibu t ions  of V and T is not appl i -  
cable to a l a m i n a r  sub layer ,  the fact that r e la t ion  (7) 
holds for the case  Tws = Two jus t i f ies  to a ce r t a in  
extent the use of the heat t r a n s f e r  model proposed for 
values  of 1 - (s/x) < 0,001, which cor respond to the 
region of the l a m i n a r  sub layer .  

Fo r  the condit ion Tws ~ Two in the p rob lem under  
cons idera t ion ,  expres s ion  (7) yields 

~.~ ) --1.,'9 
qs (x) = 1 - -  T~, - -  T,o 1 - -  (8) 
qo (x) To - -  T~,o 

In the case  where  the wall  t empe ra tu r e  f rom x = 0 
t o  x = s coincides with the gas t empera tu re  (Two = To), 
fo rmula  (8) takes the form 

where  

Sto St(x)= ( l ( x )  s _ )  -)/o (9) 

Sto (x) = qo (x)/P cp Vo (To - -  T~o); 

St, (x) = q, (x)/9 c o Vo (To - -  T ~ ) .  

F o r m u l a  (9) does not differ s ignif icant ly  f rom Seban 's  
fo rmula  

st, (x) _ s_L_)9/~~ 
Sto(X) I i  ( ( : to) 

Figure  2 gives the resu l t s  of calculat ions f rom f o r -  
mulas  (9) and (10), and for compar i son  also exper i -  
menta l  data [3] obtained at Reynolds numbers  ranging 
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Fig.  2. Compar i son  of theoret ica l  and exper imenta l  
data for a s tepwise varying  sur face  t empera tu re :  
1) f rom formula  (9); 2) f rom Seban's  formula  (10); 

3) exper imenta l  data [3]. 

f rom 5 �9 105 to 4 �9 106. It can be seen that the re la t ions  
(9) and (10) co r re la t e  well with the exper imenta l  data.  

Comparing the resu l t s  obtained f rom formulas  (9) 
and (10), it becomes evident that the difference be -  
tween them is max imum,  and equal to 1.2% for x ~ s, 
while for  x > s, it dec rea se s  monotonical ly .  Since 
this  dif ference l i es  within exper imenta l  uncer ta in ty ,  
it  should be noted that  formula  (9) de se rves  prefe rence  
over  fo rmula  (10) inasmuch as it  involves less  com-  
putational labor .  

In the case of an a r b i t r a r y  wall t e mpe r a t u r e  d i s t r i -  
bution for x _> s, the r e su l t s  obtained for a s tepwise 
varying  t e m p e r a t u r e s  can be genera l ized  (as shown in  
[4]) by summing  up the heat  flux inc remen t s  of all  the 
a r ea  e l emen t s .  Genera l iza t ion  of fo rmula  (8)to include 
the case of a cont inuously vary ing  wall t empera tu re  
leads to the express ion  

q~ (x) - v cp G Sto (x) x 

s 

Shear s t r e s s  at a moving sur face .  Let us examine 
a tu rbu len t  gas flowing at a veloci ty V0 past  a plate.. 
The fa i r ing  of the plate between the leading edge and 
x = s is at r e s t ,  while fu r the r  downst ream it moves at 
a constant  veloci ty Vws in the same d i rec t ion  as the 
gas.  In accordance  with the method proposed, exp res -  
sion (2) for the shear  s t r e s s  at x > s should be t r a n s -  
formed as  

V~ - -  V~,s [ P (V~ - -  V ~ )  (x - -  s) ]~  
~(x) = 0.0296~ x - - s  ~ " 



438 IN ZHENERNO-FIZICHESKII ZHURNAL 

Substi tuting V s f rom (6) into this formula ,  we get 

- 1 . . . .  ( 1 1 )  
�9 0(x) ~ V0 / x 

where r0(x) is the shear  s t r e s s  at the c ross  sect ion 
under  considera t ion for a surface in the state of res t .  
F r o m  an analys is  of express ion  (11), it follows that,  
in the case of V0 > Vws, the rat io T s / r  0 for x ~  s is 
negative,  i . e . ,  that the f r ic t ion  forces  applied at this 
point to the moving surface  a re  d i rec ted  opposite to 
the gas flow. 

If formula  (11) is genera l ized  to include a cont in-  
uously varying  velocity of the surface,  in the same 
m a n n e r  as formula  (8) was extended to include an 
a r b i t r a r i l y  varying  wall t empera tu re ,  one can obtain 
the following express ion  for the shear  s t r e s s  at a 
moving surface:  

x 

s 

This express ion  and fo rmula  (11) s t i l l  r equ i re  exper i -  
menta l  ver i f ica t ion .  

All the re la t ions  in this  paper were obtained under  
the assumpt ion  that the velocity and t empera tu re  d i s -  
t r ibut ions  in the boundary layer  a re  governed by law 
(5) with an exponent of 1/7.  S imi la r  re la t ions  can be 
obtained also for  an a r b i t r a r y  exponent 1 /n  (n _> 1). In 
this  case,  in accordance  with [2], the exponents of the 
Reynolds number s  in the express ions  (1)-(3) mus t  be 
(n + l)/(n + 3), (n + l)/(n + 3), and -(2/(n + 3)), re- 
spectively. With the aid of operations similar to those 
performed with formulas (I)-(5), the expressions (6) 
for the boundary of the influence zone and for the ve- 
locity and temperature at this boundary take the form 

60 x 
I 

v ~ _  T ~ - - r . o  - { 1 - -  ~ + ~  
Vo To- -  T.o ~ x } ' 

while express ion  (8) for the heat flow and express ion  
(11) for  the shear  s t r e s s  will t r ans fo rm to 

- - I  

-- 1 T~ s - -  T ~ o  1 - -  q~ 

qo To ~ Two ' 
2n+4 --2 

NOTATION 

V is the velocity;  T is the t empera tu re ;  p is the 
densi ty;  Cp is the specific heat; # and k a re  the v i s -  
cosity and heat conduction coefficients,  respec t ive ly ;  
q is the heat flow; r i s t h e  shear  s t r e s s ;  6 is thebound-  
a ry  layer  th ickness ;  x is the dis tance f rom the plate 
leading edge to the c ross  sect ion under  considera t ion;  
s is the length of the ini t ia l  por t ion of the plate with 
stable condit ions at the wall ;  St is the d imens ion less  
he a t - t r a n s f e r  coefficient  (Stanton number)  ; subscr ip t  
0 re fe r s  to p a r a m e t e r s  in the case of stable conditions 
at the wall;  subscr ip t s  s r e fe r  to pa r ame te r s  in the 
case where a boundary layer  fo rms  at c ross  section s. 
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